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Mr. Chang Kwok Kei
Have you played a game called “Da Feng Chui” (the big wind blows大風吹) during school Christmas party before? This game is very exciting and everybody will enjoy it. How to play the game? The rule is very simple. At the beginning, all participants sit into a circle except one person comes out and stands at the middle of the circle. Exciting moment comes when that person says something that some ones have. Those participants need to leave their own seats immediately and find another seat as quickly as possible. At the same time, that person can find a seat to sit. Clearly, there will be somebody who cannot find his/her own seat; he/she will then receive punishments. Since the game requires participants with quick responses and fast movements, there will be many interesting things happen and they may feel lot of fun. Apart from the amusement of the game, some mathematics can be found from this activity. 
Let’s think about a simple example: There are only Mary(M), Susan(S), John(J), Dick(D) and Peter(P) joining the game. John is selected to come out first. The following figure (a) is used to show the situation:




                               


            

       Figure (a)                                 Figure (b)

If John says“Those wear shoes, they must leave”, all participants will leave their own seats. In order to make John find no seats, it may be: Mary 
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 Susan; Susan 
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 Dick; Dick 
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 Peter; Peter 
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 Mary where “
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” means moves to the seat of somebody as shown in the figure (b).

Do you know totally how many ways for Mary, Susan, Dick and Peter to find the new seats in order to avoid John to get a seat?
The following is one of the ways presented in tabular form:
	
	Mary
	Susan
	Dick
	Peter

	Mary
	(
	(
	
	

	Susan
	
	(
	(
	

	Dick
	
	
	(
	(

	Peter
	(
	
	
	(


( – means that each player cannot take his/her original seat again.

(– means that the player on left hand side takes the seat of another player. 

   For example, refer to the table, Mary moves to the seat of Susan.

With aid of the above table, you only need to consider the following cases. 
Case 1: If Mary has chosen Susan’s seat, Susan will have 3 choices to move. 
      If Mary and Susan have chosen their new seats, Dick will have only 1 choice
      left. If Mary, Susan and Dick have chosen their new seats, it is clear that only
      1 way is provided for Peter to move.

Case 2: If Mary has chosen Dick’s seat or Peter’s seat and Susan has chosen Mary’s 
      seat, Dick and Peter both will have only 1 choice to select.
Case 3: If Mary has chosen Dick’s seat and Susan has chosen Peter’s seat, 

      Dick will have 2 choices to move. If Dick has chosen his new seat, 

      Peter will have only 1 choice left.
Case 4: If Mary has chosen Peter’s seat and Susan has chosen Dick’s seat, 

      Dick will have 2 choices to move. If Dick has chosen his new seat, 

      Peter will have only 1 choice left.
Hence, the total number of ways for these players to select other seats
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Although the above calculation is not so complicated, we will count more difficult and need to consider more cases if there are more players joining this game. That is why we are going to use “probability” in order to solve this problem in a more systematical way.
You may have learnt that 
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 for any events A, B.

How about 
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 for any events A, B, C, D? Do we have a similar result? Yes and it can be obtained by the “inclusion–exclusion principle” for probability:
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Let A = the event that Mary takes her original seat.

   B = the event that Susan takes her original seat.

   C = the event that Dick takes his original seat.

   D = the event that Peter takes his original seat

From the above formula and with the fact that
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and
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we have,
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Hence, P(none of 4 players Mary, Susan, Dick and Peter take their original seats)
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Since the number of ways that these participants select their seats without restrictions 

= 4!.

Hence the number of ways that none of the participants take their original seats

= 
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.
Up to now, the problem seems to be solved and you may feel everything OK. However, I can tell you that Mathematics does not stop here. You may learn more if you investigate further…

Let’s look some interesting results below.

From the above, for four players


Mary         Susan         Dick          Peter

P(none of 4 players take their original seats) = 
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With some calculations for only 2 players or 3 players, we have the following expressions:  

P(none of 2 players take their original seats) = 
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P(none of 3 players take their original seats) = 
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Observe all these expressions. Do you agree that they all seem to follow a pattern?

Yes, that is
P(none of n players take their original seats) 
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where n is any positive integer.

Although the proof of (*) is omitted here, the proof will be similar as in the case when n = 4. Try by yourself if you like!

We can now generalize a formula for the number of ways that none of n players move to their original seats.

By using original definition of probability,

P(none of n players take their original seats)  

=   Number of ways that none of n players move to their original seats

   Number of ways that n players find their seats without any restrictions

Combined it with (*),
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=   Number of ways that none of n players move to their original seats
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Hence, 
the number of ways that none of n players move to their original seats
= 
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This value of (**) has a name called subfactorial and denoted by !n but you don’t confuse with n factorial n!.

From (**), when n starts from 0, we have

!0 = 1, !1 = 0, !2 =1, !3 = 2, !4 = 9,…You may find the value increasing rapidly.

For example, !10 = 1334961.

The above “Seat” problem has its history. It is originated from a classical old problem first proposed by the French mathematician Pierre Remond de Montmort in 1708. This old problem was recorded in his treatise on the analysis of games of chance. In Montomort’s version of the problem, it was about a game of playing with a deck of 13 cards. So the game was called Treize, French of thirteen. Another name of the game is called Rencontres(means coincidences) or Montmort’s Matching Problem:
Suppose you have a deck of 13 cards numbered 1, 2, 3,..., 13 respectively. Cards are drawn one by one, what is the probability that no card is drawn in the order indicated by its label? This means that first card is drawn with the label not “1”; second card is drawn with the label not “2”,…,etc. 

This problem was not so easily to be solved at that time but if you consider “card” just like “seat” and apply (*), you can obtain: 

P(no card is drawn with its order equal to its label)

= 
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= 0.3678794(correct to 7 decimal places)

The following table shows the value of (*) and (**) for n = 0 to 13:
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	0
	1
	1

	1
	0.0000000
	0

	2
	0.5000000
	1

	3
	0.3333333
	2

	4
	0.375
	9

	5
	0.3666667
	44

	6
	0.3680556
	265

	7
	0.3678571
	1854

	8
	0.3678819
	14833

	9
	0.3678792
	133496

	10
	0.3678795
	1334961

	11
	0.3678794
	14684570

	12
	0.3678794
	176214841

	13
	0.3678794
	2290792932


(The above values are exact or correct to 7 decimal places.)

Would you find out some values in the table that seems to be equal if n becomes larger?

Although the overall story is about probability, the result we obtain can be connected with a special number called Euler number, “e”. 
When 
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Since 
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for 
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Hence, 
[image: image33.wmf](

)

÷

÷

ø

ö

ç

ç

è

æ

-

+

+

-

+

-

!

1

...

!

3

1

!

2

1

!

1

1

1

n

n


[image: image34.wmf]...

36787944

.

0

1

»

®

-

e

as 
[image: image35.wmf]¥

®

n

. 
That is why the values of (*) become stable and equal to 0.3678794 correct to 7 decimal places.

You may use this result to win money: Prepare a deck of n cards numbered 1, 2, 3… n. Shuffle them thoroughly. Turn up the cards one by one and you shout 1, 2, 3, …, n, 1, 2, 3, …If the number you shout matches the number on the card, the game ends and you will get $1 from your friend, otherwise the game continues until the number of the last card is shown. If this number still does not match what you shout, then you need to give $1 to your friend. If you repeat playing this game for enough number of times, your friend will lose. About this game, is it like a popular children game called “襟綿胎”?

Do you agree that some games are not just for fun but you may learn lot of mathematics? From this article, the games introduced above are called Games of Chance. You may think that the mathematics used for games of chance is probability or statistics. However, skills of algebra and calculus are also widely used. Hence, when you play games with your friends next time, remind yourself try some mathematics and this may increase your chance of success. 

Good Luck!

Remark:

For method of inclusion–exclusion principle, you may refer the following websites

http://en.wikipedia.org/wiki/Inclusion-exclusion_principle  and 

http://en.wikipedia.org/wiki/Derangement
(No. of words: 1573)
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