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Part (a)

(1) The difference equation is Xj = €+ + (1 — Oxi; (1 <1 <N - 1), together with
the boundary conditions Xo = 1 and Xy = 0.

(ii)  The auxiliary equation is z = 62> + (1 — 6), which has roots z =1, (1 — 6)/6.
Hence the general form of the solution of the difference equation is

X = A+ B[ﬂj .
0
Using the boundary conditions, we find A+ B =1 and A + B[(1 — 6)/4]" = 0.
)
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(iii)  The required probability is given by Xa.

Solution continued on next page



Part (b)

(1)

(if)

(iii)

The difference equation is y; = 1 + 8yiy + (1 — O)yi (for 1 <1 <N -1),
together with the boundary conditions yo = 0 and yn = 0.

A particular solution of the difference equation is of the form y; = Ci for some
constant C. Substituting this form into the difference equation, we find that
C=1/(1 — 26). Hence the general form of the solution of the difference
equation is

Yy, = ! +A+Bﬂ.
1-26 0

Using the boundary conditions, we find that A+ B = 0 and

N
L+A+B(ﬂj =0.

1-26 0
Hence
= N X 1 = -B
1-26 (I_QJN .
0
and
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= + X 0<i<N).
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The required expectation is given by Ya.
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_ -9 _

1- g
T (1-9)

PY>K) = gl(1-@)f+(1 - +(1 -9+ ]

— _ k+y—1
L P(Y=k+y|Y>k) = Pg(Y El)y) = ¢(:1 —¢¢)ﬁ)k = K1 @' =P(Y =y).

The probability that a customer who is being served at time n completes
service at time n + 1 is always ¢, by (i), irrespective of how long that customer
has been waiting for service previously. Hence we have the Markov (or
memory-less) property.

The transition probabilities are
pn=6 Po=1-06
pij1=d1-0), pn=00-¢), pj=1-0-¢+204(G=1).

The equations for the stationary distribution are 7 = Xz pij (j > 0), which in
the present case (6= 1/4, ¢ = 1/2) reduce to

m = (3/4)ymo+ (3/8)m, m = (1/A)m+ (112)m + (3/8)m,
75 = (U8 +(12)7+ (g (22),
which further simplify to the equations given in the question, i.e.
m=0C2)m, m=02)m+Q@dm, =m=1/4)"0+GA)ma (=2).
The difference equation for j > 1 has as its general solution
5= Aal+ Aol (j>1)

oy and o, are the roots of the equati(_)n 3a’ —4a+1= 0,1.e. 1 and 1/3. So the
general solution is 7= A; + Ay(1/3)) (j=>1).

Since the distribution must satisfy the normalisation condition 2z = 1, we

must have A; = 0 and hence 7 = A2(1/3)j (j = 1). Using the normalisation
condition again,

P i
;z0+AZZGj =1, ie m+AR2=1.
j=1

We also now have m; = Ay/3 and 7 = (3/2) 1. Thus A; = 1, and finally
m=1/2, z=(1/3) (=1
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(i)  Forn=0, we have p(t + h) = po(t) + pi(t)[xh + o(h)] + o(h).
Hence dpy/dt = zpi(t).
Forn>1, we have

pn(t + h) = pa(D[1 — Anh — znh +o(h)] + pni(t) [A(N = Dh +o(h)]
+ Prr1(D)[d(n + 1)h + o(h)] + o(h).

Hence

dpn(t)/dt =—~(4 + z)Npa(t) + AN — Dpn-1(1) + 240 + Dppea(D).

(i)  Multiplying the nth forward equation by z" and summing over n,

°° dpc;t(t)z" = i (A+u)np, (2" + 2/1 (n=1) p,, (OZ" + Zﬂ (n+1) p,.,®2"
n=0 n=0

1.e.

8G/t = —(A+ 1)28G/0z + A20G/0z + 1udGIoz = (Jz — 1)z — 1)0G/oz.

(iii)  Differentiating the equation of part (ii) with respect to z,
&*G/ozot = Mz —1)0G/0z + (A2 — 1)0G/oz + (Az — u)(z — 1)6°G/oz".
Setting z = 1, and using the fact that m(t) = 0G/0z|,-1, we obtain
dm/dt = (41— wm(t).

v The equation of part (iii) is a first order ordinary differential equation whose
q p ry q
general solution is of the form

m(t) = Aexpl(A— ]
where the constant A is determined by the initial condition m(0) = a.

Thus A=aand

m(t) = aexp[(A— @t] (t>0).
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(1) The detailed balance equations are (A/N)m 1 = um (N>1).

Letting p = A/, it follows that m = (0'/n)m (N > 0). To satisfy the

normalisation  condition Z::O z,=1, we therefore require that
Z::o( p"/ n!);zo =1, i.e. ’7, =1 on summing the exponential series. Thus

the condition can always be satisfied by taking m = € ”. So the equilibrium
distribution is a Poisson distribution with mean p for all values of the
parameters A and i, i.e.

m=e7"p/Mm  (n>0).

(11) The mean rate at which customers join the queue is

- n 0

0 ”nﬁ’ B 0 epp i B ., pn+1 B i, b ~ L
2ot T na A S HC (e7-1) = w(1-e7).

(111))  The probability € that a randomly arriving customer joins the queue is given
by

(9=i72’n

1
S S
Comparing this with the expressions in part (ii), we find

0= (1 —e?)/i=(1—e?)p.

(iv)  In equilibrium, let the random variable X denote the number of customers in
the queue when a customer arrives. Let B denote the event that the arriving
customer joins the queue. Using the basic conditional probability formula,

P(X=n|B)=P(B | X=n)P(X=n)/P(B)

1 e”p"
- n+l1
_h+l ont 1 p (n>0).
1-e” e’ —1(n+1)!
Yo,

This is a truncated Poisson distribution, with the first term of the Poisson
distribution missing.
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q

p .
(i) #(2)=1+> ¢7“; 6(z)=1+>.67'. The model may be written as
k=1

ALY, = AL)s. _

(1)  The infinite moving average expression is Y, =Zi0wigt_i where, for the
series to be convergent [in mean square], the coefficients y; must satisfy the
condition ZZ . w,> <oo. The process {Yi} is stationary if and only if such an

infinite moving average expression exists.

(iii)  The stationarity criterion is that the roots of the autoregressive characteristic
equation ¢(z) = 0 are outside the unit circle in the complex plane.

We now have the special case Yi="% Y 1+ g+ a1+ % &2 (-0 <t<ow).

(iv)  The autoregressive characteristic equation is 1 — 2z = 0, whose root z = 2 lies
outside the unit circle. Hence the process is stationary.

(v) The model may be rewritten as (1 — %2 L)Y;= (1 + L + 4 L*&. Hence
Y, =(1+L+1L)(1-1L) "¢,
=(1+L+i)A+IL+1 +.0)g

=(1+3L+ L +10+.)¢,

=& +%gt—1 + z(%)iﬁ S -
i=2

(vi)  In general, Var(Y;) = Zio w.’c’ . Thus, in the present case,

Var(Yy) = [1 L3I+ (1/4)”}72

=[1+(9/4) + (4/3)]o* = 5507/12.
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The acf for the raw data dies away slowly, more or less linearly, which
indicates the presence of trend. The purpose of taking first differences is to
produce a series that is stationary.

Inspection of the acf of the differenced data reveals that it dies away quickly,
which suggests that the differenced data constitute a stationary series.
Approximate 95% limits for checking which of the autocorrelations or partial
autocorrelations differ significantly from 0 are at +2/N167, i.e. at +0.155.
There is a clear cut-off point at lag 1 in the acf, which suggests an MA(1)
model for the differenced data, i.e. an ARIMA(0,1,1) model, and this is the
most obvious model to try to fit. The cut-off point at lag 2 in the pact suggests
an AR(2) model for the differenced data, i.e. an ARIMA(2,1,0) model. An
ARIMAC(1,1,0) model might also be tried.

An ARIMA(0,1,1) model has been fitted. The equation of the fitted model is

Yt = Yt_1 + &— 034348(_1

If the model is an adequate one, the residuals should behave like white noise.
In particular, the acf should be zero, subject to sampling errors.

The Box-Pierce statistics are functions of the autocorrelations r; at lag 7 of the
residuals. The statistic at lag k is based on the sum of the squares of the first k

. . k . . .
autocorrelations, i.e. on ZM r’ and under the white noise hypothesis has a

chi-squared distribution. If the associated p-values are not significant, this
suggests that the fitted model is an adequate one.

In the present case, the model appears adequate, as none of the p-values is
anywhere near significant.

The one-step ahead forecast error is a white noise term, whose variance is
estimated by the residual mean square 0.00005335. The values of the Y; and
the & are very plausibly Normally distributed (using the central limit theorem
and the fact that the exchange rates are averages over a month). Hence an
approximate 95% prediction interval for the average exchange rate for January
2008 is given by 0.4846 + 1.9610.00005335, i.e. 0.4846 + 0.0143, i.e. the
interval is (0.4703, 0.4989).

The observed value of 0.4785 lies well within this interval, so there is nothing
particularly surprising about the discrepancy between the observed and
forecast values.
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The updating equations are as follows.

L=a(Y,/1_,)+(1-a)(L,+B_)
B =r(L-L,)+(1-7)B,

I =8(Y,/L)+(1-6)1,_

p

yr(h) = (Lt + hBr) lt_psn.

(@)  §1(1) = (4168.42 +29.22)(0.665) = 2791.43

(b)  §r(12) =[4168.42 + (12)(29.22)](1.391) = 6286.01

For January 1995, the values are as follows.

Level:

Trend:

Index:

Fitted:

Residual:

L = 0.2(2367/0.665) + 0.8(4168.42 + 29.22) = 4069.99
By = 0.1(4069.99 — 4168.42) + 0.9(29.22) = 16.46

I = 0.2(2367/4069.99) + 0.8(0.665) = 0.648

From (iii), y7(1) = 2791.43

Sales — Fitted = 2367 —2791.43 = —424.43

Given some appropriately chosen initial values for the level and the trend and
for the first twelve seasonal indices, for any given set of values of the
smoothing constants «, yand ¢ (each between 0 and 1 inclusive, of course) the
numerical values of all the quantities in the table may be calculated for each

month in the series.

The sum of squares of the residuals (or some other

appropriate function of the residuals) may be used as a measure of how well
the Holt-Winters method with the chosen values of ¢, y and ¢ performs. By
looking at a grid of values of @, y and J or by carrying out a formal
optimisation, the values that minimise the sum of squares of the residuals may
be found as the best set of values to use.
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Using the fact that py = 1 and the symmetry property of the autocorrelation
function (o, = p_;), we may write

1 C —iwr _L S —ilwr it :L S
f (a))—g D pet= 2ﬂ{1+;pr(e +e )} 2”{1+2Zpr cosa)r}

T=—0 7=l

Since cos(w7) = cos(—w1), it follows that f(w) =f(-w) (-7< w< 7).

f(w) gives the relative weight of oscillations of frequency @ for the process.
More specifically, for 0 < o) < a» < 7, ZI ” f (w)dw gives the proportion of
[

the process variance that is accounted for by oscillations with frequencies in
the interval (@, a»).

For a white noise process {&}, o= 0 (for z# 0), so that f(w) = 1/(27) (for
-7 < @< 7). White noise has a flat spectrum — oscillations of all frequencies
are equally represented in the process.

Var(Yy) = E(Y?) = E[(& — 0a.1)"] = (1 + 8o, where o is the white noise
variance.

Cov(Yy, Ye1) = E[(& — Os1) (&1 — Osin)] = —00.
For 7>2, Cov(Yy, Yi.o) = E[(&— O5.1)(&..— O& -1)] = 0.

Hence for the MA(1) process,

B 0
1+ 6%’

P = p, =0 for r>2,

It follows from the formula of part (i) that

f(a)):i(l—li%z cosw} O0<w<n.

If 8> 0, f(w) is a monotonic increasing function of @ (0 < @ < 7). Higher
frequency fluctuations of short period predominate. The process is more
"jagged" than white noise.

If <0, f(w) is a monotonic decreasing function of @ (0 < @ < 7). Lower
frequency fluctuations of long period predominate. The process is smoother
than white noise.



