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Graduate Diploma Module 2  –  Specimen Question 1
 
 
A random sample 1 2, , , nX X … X

e

 is drawn from a Bernoulli distribution for which 
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where p (0 < p < 1) is an unknown parameter. 
 

(i) Show that the maximum likelihood estimator of 2p  is 
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(5) 
 
(ii) Show that θ̂  is a biased estimator of 2p . 
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(iii) Show that the jack-knife estimator of 2p  based on θ̂  is 
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(iv) Show that this jack-knife estimator is unbiased for 2p . 

(3) 
 
 
 
 



Graduate Diploma Module 2  –  Specimen Question 1  –  Solution
 
 

(i) The likelihood is  ( ) ( ) ( )1
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Setting this equal to zero gives ˆ ˆ ˆi i ix p x np p xΣ − Σ = − Σ , i.e. ˆ ixp
n
Σ

= .  To check that 

this is indeed a maximum, consider the second derivative of logL(p): 
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By the invariance property, it follows that the maximum likelihood estimator of p2 is 
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(ii) [Note. This part of the question can also be answered by observing that ΣXi ~ B(n, p).] 
 

( ) ( ) ( )0 (1 ) 1iE X p p p= × − + × = . 
 

( ) ( ) ( )2 2 20 (1 ) 1iE X p p= × − + × = p . 
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[Note that Xi and Xj are independent for i ≠ j] 
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so θ̂  is a biased estimator of p2. 

 
 
 
 
Solution continued on next page 
 



(iii) Let \̂iθ  be the above estimator based on data with Xi missing, i.e. 
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The jack-knife estimator is then given by 
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so Ĵθ  is an unbiased estimator of p2. 

 



Graduate Diploma Module 2  –  Specimen Question 2
 
 
Let 1 2, , , mX X X…  and  be independent random samples from two populations.  
It is required to test the null hypothesis that the distributions of X and Y are the same against 
the alternative hypothesis that 

1 2, , , nY Y Y…

( ) 1
2P X Y> > . 

 
(i) Explain how a permutation test might be carried out based on the difference of the two 

sample means. 
(5) 

 
(ii) Carry out the test described in part (i) at the 10% level for the case m = 4, n = 3, 

, , , 1 8X = 2 13X = 3 6X = 4 9X = , 1 3Y = , 2 7Y =  and 3 2Y = . 
(4) 

 
(iii) Describe two other test statistics which are commonly used when a permutation test is 

carried out in this situation. 
(4) 

 
(iv) Describe how the permutation test referred to in part (i) could be modified to become 

a randomisation test.  When might the randomisation test be preferred to the 
permutation test? 

(3) 
 
(v) Explain how bootstrap sampling might be used to carry out the test. 
 

Suppose that the estimate of the p-value of the test based on N bootstrap samples is .  
Obtain an approximate 95% confidence interval for the true p-value when N, m and n 
are large.  Given that the test was to have been carried out at a pre-specified 
significance level, describe briefly how this confidence interval might be used. 

p̂

(4) 
 
 



Graduate Diploma Module 2  –  Specimen Question 2  –  Solution
 
 
(i) Let 0X  and 0Y  be the sample means for the actual data and let 0 0D X Y0= − . 
 

Consider the data combined into a single sample of size m + n, i.e. (X1, …, Xm, Y1, …, Yn).  

Altogether there are  ways of choosing a sample of size m (without replacement). 
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m
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Let iX  be the mean of the ith such sample and iY  be the mean of the unselected items, 
with i iD X Y= − i .  Count the number of times Di is greater than or equal to D0, say ν 
times. 

 

Then the p-value for the test is 
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m

ν
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As usual, if this is small then there is significant evidence against the null hypothesis. 

 
 
 
(ii) We have 0 9X =  and 0 4Y = , so  = 5. 0D
 

The data are   . 
s 6 8 9
s 2 3 7

X
Y

13

 
By inspection, the only permutations that lead to  are as follows. 5iD ≥

 
(1) the observed data (6, 8, 9, 13) and (2, 3, 7), for which Di = 5 

 
(2) the more extreme case (7, 8, 9, 13) and (2, 3, 6), for which Di = 5.6 (5.5833) 

 

Therefore the p-value is 2 2 0.057
7 35
4

= =
⎛ ⎞
⎜ ⎟
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. 

 
Thus, at the 10% level, there is significant evidence against the null hypothesis, i.e. 
significant evidence that the Xi tend to be larger. 

 
 
 
 
Solution continued on next page 
 



(iii) Permutation tests may be tailored to particular situations by choice of test statistic. 
 

For example, if we are concerned about very extreme situations we might consider test 
statistics based on ranks.  A common statistic of this kind is the (Wilcoxon) rank sum 
statistic.  The m + n observations are given ranks (1 for the smallest observation up to 
m + n for the largest) and the test statistic is the sum of these ranks for the X 
observations.  If the Xi tend to be larger than the Yi, they will tend to get the larger 
ranks.  So large values of this test statistic indicate this, i.e. they favour the alternative 
hypothesis that the Xi tend to be larger. 

 

Another statistic that might be used is the familiar two-sample t statistic 
1 1
m n

X Y
s

−
+

 

where s is the pooled estimate of the assumed common variance.  Again, large values 
favour the alternative hypothesis that the Xi tend to be larger. 

 
 
(iv) First, D0 is calculated as in part (i).  Then select a simple random sample of the 

possible permutations and calculate Di for each.  The p-value is the proportion of the 
Di that are greater than or equal to D0. 

 

This would be preferred to the permutation test when 
m n

m
+⎛

⎜
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⎞
⎟  is so large as to make 

computation of the p-value in the permutation test problematic. 
 
 
(v) Select m values at random, with replacement, from the observed data 1 2, , , mX X X…  

and similarly n values at random, with replacement, from .  This gives the 
ith bootstrap sample.  Calculate 

1 2, , , nY Y Y…

i iD X Yi= − .  Repeat this many times and proceed as 
above. 

 
Let N be the number of bootstrap samples and  be the calculated p-value.  Using the 
Normal approximation to the binomial, an approximate 95% confidence interval for 
the true p-value is given by 

p̂

ˆ ˆ ˆ1.96 (1 ) /p p p N± − . 
 

If this confidence interval does not contain the pre-specified significance level, with 
the entire interval covering smaller values, this is an indication that the null hypothesis 
should be rejected.  For example, suppose the significance level was 0.05 (5%) and the 
confidence interval turned out to be (0.015, 0.034):  this would strongly suggest that 
the actual p-value was less than 0.05, i.e. the null hypothesis should be rejected.  If 
not, the indication is that the null hypothesis should be accepted. 

 
 



Graduate Diploma Module 2  –  Specimen Question 3
 
 
Describe the relationship between odds and probabilities. 

(3) 
 
Let 1 2, , , nX X … X  be a random sample from the exponential distribution with density 

( ) xf x e λλ −=  for x > 0 and 0λ > . 
 
(i) We wish to test H0: 1λ =  against H1: 2λ = , where the prior odds of H0 is ω  (> 0). 
 

(a) Find the Bayes factor and show how it can be used to obtain the posterior odds 
of H0. 

(5) 
 

(b) Under what circumstances will the posterior odds of H0 exceed ω ? 
(3) 

 
(ii) Suppose now that we wish to test H0: 1λ =  against H1: 1λ ≠ , where the prior 

distribution of λ  under H1 has density 
 

1
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e
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νλν λπ λ
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−
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Γ
,    0, 0 and 0λ α ν> > > , 

 
and where the prior odds of H0 is ω  (> 0).  Find the Bayes factor and the posterior 
odds of H0. 

(9) 
 
 
 
 



Graduate Diploma Module 2  –  Specimen Question 3  –  Solution
 
 
If p is the probability of an event, then the odds ω = p/(1 – p).  [Note:  in statistical work, odds 
refers to "odds on";  the reciprocal, "odds against", is used in gambling.] 
 
Alternatively, solving for p for given odds, we have p = ω /(1 + ω). 
 
p and ω can be interpreted as follows: 
 

p is the long-run proportion of times an event occurs 
 

proportion of times event occurs
proportion of times event does not occur

ω =  

 
 
 

Parts (i) and (ii) refer to Bayesian inference:   ( ) ( ) ( )
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Dividing the first of these by the second, 
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i.e.   posterior odds = prior odds × Bayes factor. 

 

In this case, the Bayes factor is  22 2
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(b) Posterior odds  > ω  if Bayes factor > 1. 
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(ii) We have ( ) ixnf x e λλ λ − Σ= , so ( )0
ixf x H e−Σ=  [as in part (i)] and 
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The integrand is the pdf of the gamma 
distribution with parameters n + α and ν + Σxi
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Graduate Diploma Module 2  –  Specimen Question 4
 
 
(a) The times in minutes T1, T2, …, Tn between calls arriving at a switchboard are 

independent and have an exponential distribution, mean 1/λ , where λ  is an unknown 
parameter whose prior density is assumed to be ( ) e λπ λ −=  (λ  > 0). 

 
(i) Find the posterior distribution of λ . 

(6) 
 

(ii) Find 1 1 2( | , , ,nt t t t )nπ + … , the predictive distribution of a future time . 1nT +

(7) 
 

[Note that the gamma distribution with parameters ν  (> 0) and α  (> 0) has 

probability density function 
1

( )
( )

xxf x
α α

e νν
α

−
−=

Γ
, for x > 0.] 

 
 
(b) At another switchboard, the times in minutes S1, S2, …, Sn between calls arriving are 

also independent, but have a different continuous distribution with distribution 
function F(s; θ ) where θ (> 0) is an unknown parameter with prior density π (θ ).  A 
simple formula for the posterior distribution of θ cannot be found, but a computer 
routine is available which will generate independent values θ 1, θ 2, θ 3, … from the 
posterior distribution.  If this routine is used to generate 10 000 such values, explain 
how these values θ 1, θ 2, …, θ 10 000 may be used to 

 
(i) find an approximate 95% Bayesian interval for θ , 

(3) 
 

(ii) find the Bayes estimate (assuming squared error loss) of the probability that a 
future time Sn + 1 will exceed 2 minutes. 

(4) 
 



Graduate Diploma Module 2  –  Specimen Question 4  –  Solution
[Solution continues on next page] 

 
Part (a)
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From the form of the pdf quoted in the question, we see that 1 2, , ..., nt t tλ  has the 
gamma distribution with parameters 1nα = +  and 1 itν = +Σ , so that its pdf is 
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(ii) The predictive distribution has 
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The integrand is the pdf of the gamma distribution 

with parameters 2nα = +  and 1
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Part (b)
 
(i) Order the values (smallest to largest) (1) (2) (10000), , ...,θ θ θ .  Then an approximate 95% 

Bayesian interval for θ  is (251)θ  to (9750)θ . 
 
 
(ii) ( ) ( )1 2 1 2;nP S Fθ θ+ > = − . 
 

With quadratic (i.e. squared error) loss, the Bayes estimate of this is the expected 
value with respect to the posterior distribution of θ  given . 1 2, , ..., ns s s

 
Using the simulated values, this expectation can be approximated by 

 

( )( )
10000

1

1 2;

10000

i
i

F θ
=

−∑
. 

 


