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Higher Certificate, Module 2, 2007. Question 1

T

TOTAL 100 a =10 (play none)

From the information given, we have the following.
f=5.
b+tct+d+e+f+g+h=100-a=100-10=90.
b+c+e+f+g+h=288, Butthisequals90—-d. ..d=2.
b+c+d+e+f+g="78. Butthisequals 90 —h. .h=12.
g =730.
ctd+f+g=38. ..c=38-2-5-30=1.
etf+tgth=74. ;.e=74-5-30-12=27.

(1) At least one sport: 100 —a = 90.
(i)  Exactlyonesport: b+d+h=90—(c+e+f+g)=90-63=27.
(i)  Exactly two sports: c+e+g=1+27+30=58.

(iv)  Number not playing golf is
atb+eth=a+90—(ctd+f+g)=100—(1+2+5+30)=62
+e (27-d-h)+e 13+27 40

..Required proportion is =0.645.
1 prop 62 62 62
(v) Number of sports played: 0 1 2 3 TOTAL
Number of men: 10 27 58 5 100

..Mean number of sports played = (0 + 27 + 116 + 15)/100 = 1.58.
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Higher Certificate, Module 2. 2007. Question 2

f(x)=/1e7“, x>0, >0

*© —AX —AX © *® —AX o : 1
E(X):IO Axe™ dx:[—xe 4 JO —JO (e )abc:0+[e_/1 l zz.
E(Xz) = J‘: Ax‘e Fdx = [—xze’“f + J‘: 2xe dx
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Hence Var(X)=E(X?)-[E(X)] 2l andspan =L
A A A

P(X > c) = J.:O Ae Hdx = [—e_’lx ]m =e .

c

P x)n( ) Px>x) o
e P(X>X|X>c)_ P(X>C) _P(X>C)_ew

—A(x—c)

=e , as required.

Thus the conditional cdf of X, given that X > ¢, is l—e_i(x_c), and by
differentiation we get that the conditional pdf is Qe ),

Therefore X — ¢ has an exponential distribution with parameter A or, putting it
another way, X has the exponential distribution but with the origin shifted to c.

1 20.0°
The sample mean is 2.0 and the sample variance is 5(74.38— (1)(;) J =3.82,
so the sample standard deviation is +/3.82 =1.95.

The sample mean and standard deviation are very nearly equal. This supports
the exponential model, as the exponential distribution has equal mean and
standard deviation (see part (1)).



(1)

(ii)

(a)

(b)

Higher Certificate, Module 2. 2007. Question 3

Suppose the coin is tossed » times and there are x heads and therefore
(n — x) tails. The number of possible orders in which this can happen is

!
" or — . The probability of each of these orders for
X x!(n—x)!

independent tosses is p*x(1—p)" ", so the required overall probability

is P(X=x)=[njp"(l—p)"x, forx=0,1,...,n.
x

A Normal approximation with the same mean and variance as this
binomial distribution, i.e. N(np, np(1 — p)), is satisfactory when #» is
fairly large and p is not near 0 or 1. As a guideline, the value of np (or
of n(1 — p) if p is near 1) should be at least 5. A continuity correction
should be used.

For n =20 and p = 0.2, the Normal approximation is N(4, 3.2). Using a
continuity correction, P(X < 3) is approximated by the area under the
pdf of the Normal distribution up to 3.5. Thus the required probability
is

@(ﬁj =®(-0.2795)=1-0.610 = 0.390.

V32

The Society's "Statistical tables for use in examinations" give the exact
probability from B(20, 0.2) as P(X <3) =0.411. Hence the percentage
error is 100(0.390 — 0.411)/0.411 which is 5.11% (in the negative
direction). This is not very satisfactory. Here, n is not large and p is
fairly small; the guideline np > 5 is not satisfied. The binomial
distribution is not well approximated by the Normal distribution (it will
be noticeably positively skew as p < 2).

There must be a head at the final toss and (x — 1) heads in the other (n — 1)
tosses. So the probability is

P(N=n) = px[”_ljpx—l(l_p)<nl><xl> _ (n—ljpx(l_p)“’

x—1 x—1
forn=x,x+1,x+2,.... Forp=0.2,x=3, n=20, this gives
19! ~19.18

—2(0.2)(0.8)" =—==2(0.2)’(0.8)"" =0.0308.
Si7(02) (0.8) =—-=(0.2) (08)

From the tables, P(X = 3) for the B(20, 0.2) distribution is 0.4114 — 0.2061 =
0.2053. The previous probability is x/n times this.
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Higher Certificate, Module 2, 2007. Question 4

Since A1, A, ..., Ax are mutually exclusive, P(B) = Zk:P(B‘Aj )P(Aj) .

, _P(4nB) P(B|4)P(4)  P(B|4)P(4,)
PTG TR S p(a ()

PP)=1/6, P(Q) = 1/3, P(R) = 1/2. P, Q, and R are mutually exclusive and
exhaustive purchases.

We have Poisson distributions with 4, =3, 1, =2, 4, =1.

e?2? B
21

e' 1’ 1
=—e .
2!

P(2 flaws|Q) = 2¢” and P(2flaws|R)=

P(2 ﬂaws| Q)P(Q)
> P(2flaws|i)P(i)

i=P,Q,R

We have P(Q|2 ﬂaws) =

P(2flaws|R)P(R)

> P(2flaws|i)P(i)

i=P,Q.R

and similarly P(R |2 ﬂaws) =

5 1
P(Q|2 ﬂaws) _ P(2 ﬂaws|Q)P(Q) _ 2e Xg :§:0.981.
P(R|2flaws) P(2flaws|R)P(R) 1 . 1 3e

So the ratio

so it is (very slightly) more likely to have come from R.

Solution continued on next page



(iii)

2 2
{P(Z ﬂaws|Q)} :(Ze’z) is the probability that two (independent) lengths

from Q are faulty, and similarly the corresponding probability for R is
2
2 (1
P(2flaws|R){ =| —e' | .
(p(2avs)) = 2o
Now we need the ratio

{P(2 ﬂaws| Q)}2 P(both Q| both the same)
{P(2 ﬂaws| R)}2 P(both R| both the same)

Again supplier R is slightly more likely to be the source than supplier Q in
these circumstances. In fact R is slightly more likely to be the supplier in this
case than in the case of part (ii).

These results might be counter-intuitive in that Q's material is more faulty than
R's. However, this has to be balanced against the fact that more material
comes from R than from Q.
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