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(@)

(b)

StatdBayes’ Theorem
(4)

Helicobacter pyloriis a bacterium that is harmful to human beings. It lodges in
the lining of the stomach and intestine, causing gastritis and peptic ulcers. Two
combination drug therapies (Treatment A and Treatment B) for eradicating
Helicobacter pylorihave recently been tested. The effectiveness of these
treatments depends on whether or not a patient is resistant to the effect of a
particular chemical compound (Metronidazole), but a patient’s resistance status
is not routinely determined before beginning treatment to eradicate
Helicobacter pylori It is estimated that Treatment A successfully eradicates
Helicobacter pyloriin 92% of resistant patients and in 87% of non-resistant
patients. The corresponding proportions for Treatment B are 75% and 95%.

Suppose that, in a certain population of individuals infected Mélfcobacter
pylori, the proportion who are resistantds(0 <8 < 1). If a patient from this
population is unsuccessfully treated with Treatment B, find the probability that
this patient is resistant.

(5)

For what values of would a greater proportion of patients be successfully
treated by Treatment B than by Treatment A?
)

Suppose now thaf = 0.25. If 20 patients, selected at random from this
population, are treated with Treatment B, find the probability that at least 18 of
them will be treated successfully.

(6)

The continuous random variabkesndY have the joint probability density function

F@+B+y) a8 4
XYy (A-x-y)' T, 0<x<1,0<y<1,0<x+y<1,
M) (B)r(y)

wherea > 0,8 >0,y >0 and () is the gamma function.

()

(ii)

(iif)

Letr ands be non-negative integers. Show that the expected valXe\sf is

Ma+r) T(B+9) Ma+B+y)
Ma) T (B) T(@+B+y+r+s)

E(X'Y®) =
(8)

Hence determine the expected value and variane of

(6)

Find the correlation betweeX andy.

(6)
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(i)

(ii)

The discrete random variable follows a hypergeometric distribution, with
probability function

S 81
I

whereN, M andn are positive integers such tiéi M, M= nandN - M = n.

Show thaiX has expected valug(X) = n%.

n(n-)M(M -1)
N(N-1)
[Note: you do not need to prove this result.]

It can also be shown th&(X (X -1)) =

Use these expressions fB(X ahd E(X(X —1))to prove that the variance of
Xis
M N —n
var(X n—
(X) = Et NENAF
(12)

A bag contains 100 small sweets that are identical apart from their colour;

of the sweets are red, 20 are green and 20 are yellow. A child randomly selects

5 sweets from the bag (without replacement). Xete the number of red
sweets and be the number of green sweets that the child selects.

Write down the joint probability function &f andy.

Find the conditional probability function &, given thaty =y (y =0, ..., 5).
Hence evaluate the conditional expectation and varianéegiven thaty = .

(8)



(i)

(ii)

(iif)

Suppose that the discrete random varixidi@s the probability function
P(X=x)=(1-6)"#0, x=1,2, ...

Show thaX has moment generating function

e
M, (t) =

et t<-In1-0).

Hence show that the expected valueXak % and that the variance of is

1-6
6%

(9)

Consider a (potentially infinite) sequence of Bernoulli trials, each with success
probability 6. Let the discrete random variableoe the number of trials up to
and including that on which th@h success occurs & 1). Show thal’ may

be decomposed as

Y=X1+Xo+ ...+ X,

whereXy, Xo, ..., X, are independent and each has the same distributdinas
part (i).

Hence state an approximation to the distributioW fufr large values on.

(6)

In an investigation of Senile Dementia, it is required to recruit 400 elderly
people from the general population as ‘controls’. The investigators have access
to a large pool of elderly people, through social clubs, but they believe that only
80% of all the elderly people in this pool are both suitable for inclusion in the
study and willing to take part. Find the approximate probability that they will
require to contact at least 520 elderly people in order to recruit 400 suitable
‘controls’.
)
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The random variablesX and Y independently follow X* distributions with
(respectively)r ands degrees of freedom. So, for exampfehas the probability
density function

(r-2)/2 ~x/2
X e
f(=————, x>0,

2r/2 |—|:|r 0
HeH

wherer > 0 and () is the gamma function. Define the random variablesdV by

and V =

w\-<|*\><
n| =<

0] Show thatU andV have joint probability density function
f (u V) - k lJI‘-Z)/Z \;[ 15 -2)/12 e—v fu +s)/2 u >O v >0

wherek is a constant that you should evaluate.

(9)

(i) Find the marginal probability density function df and name this distribution.
(6)
(i)  State which exponential distribution is alsg(%adistribution. Use your answer

to part (ii) to deduce the distribution eé whenX andY independently follow

the exponential distribution with expected vallj@ .

[Note you may assume without proof that, if a random varidbldas an
exponential distribution and is a positive constant, thet\WW also has an
exponential distribution.]

(5)



A random sample of sizeis drawn from the uniform distribution over the interval
(-6,6), where® > 0. The ordered values in the sample are dendiedJ, < ... < U,

(i)

(ii)

(iif)

(@)

(b)

Derive the joint probability density function bf andU,,.

(6)
Show that the rangR = U, - U; has probability density function
— n_2 —
fry=nDT B0 oo
(29)
(8)

Find the expected value &, and comment on the possible usei® as an
estimator off.

(6)

Suppose that the continuous random variablefollows the Weibull
distribution with probability density function

fy (x)=a6 x™ exp(—BX’) , x>0

(wherea > 0 andf > 0). Find the probability density function of the random
variableY = 86X , and identify the distribution of.
)

The following numbers are a random sample of real numbers from a uniform
distribution between 0 and 1:

0.398 0.085 0.986 0.538.

Use these values to generate four random variates from each of the following
distributions, and explain carefully the method you use in each case:

e B o

(i) : (6)
AL

(i) ) =exptx), x>0 (4)

(i) fx(x) = Wexp( 2/x ) x>0 (5)

[Hint: for part (b)(iii), you might find it helpful to refer to part (a).]

7
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The purpose of a dose-response study is to examine the relationship between the dose
of a therapeutic agent and its potential toxic effect ("side effect”). Durham, Flournoy
and RosenbergeBi{ometrics 1997) describe the following sequential scheme for
allocating patients to dose levels in a study of this kind.

Each patient is allocated one of the dose ledgld,, ..., dy whered; <d; < ... <dj.

At dose leveld, a patient experiences toxic effects with probabilgy where
O<s@p<@<...< @<l Suppose that thth patient is allocated dose lev! If this
patient experiences toxic effects, then thel)th patient is allocated dose lewkh
(wheni = 2, 3, ...,N) ord; again (when = 1). If thejth patient does not experience
toxic effects, then thg€1)th patient is randomly allocated either to dose lelg)
with probability 3 (0 <fB < 0.5), or to dose level, with probability 1 -8 (when
1=1,2, ...,N-1). When thejth patient is allocated dose leve\, and does not
experience toxic effects, then theX)th patient is always allocated dose lakel

In this allocation scheme, the dose levels of the successive patients form a Markov
Chain, and the states of this chain can be described by the available dose levels
di, dy, ..., dn. Write down the matrix of one-step transition probabilities for a Markov
Chain model of this process.

(6)

Write down a set of equations that must be satisfied by the stationary distrithuition,
of this system. Verify that these equations are satisfied by the probabilities

n,.=pX%n, i=0,1,..N-1
<0|+]_

(8)

B
1+
find a value for such that the stationary distribution has a mode as close as possible
to the dose level at which the toxicity probability 0.1.

, thenli.1 < I;, and that, ifg > 15

Show that, ifg < , thenMMi,; < M;. Hence

(6)



